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Abstract 
We derive in a simple way certain minimal cubature formulae, obtained by Morrow and Patterson [2], and Xu [4], 
using a different echnique. We also obtain in explicit form new near minimal cubature formulae. Then, as a corollary, 
we get a compact expression for the bivariate Lagrange interpolation polynomials, based on the nodes of the cubature. 
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I. Introduction 
As usual, we denote by 
the set of  all algebraic polynomials of  total degree n in two variables. 
Let w(x) be a given weight function on [ -1 ,  1]. Define the product weight on [ -1 ,  1] 2 as 
w~Z)(x,y):=w(x)w(y), (x ,y )E [ -1 ,  1] a. 
We shall deal with cubature formulae of  the form 
N 
/ ( f )  := i f [ -  W(2) (x 'Y ) f (x 'y )dxdy~ ZA j f (x j 'Y J ) '  
1,112 j=l 
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where (xi, yi)C[-1, 1] z and {Ai} are real coefficients. There have been many efforts to construct 
a formula with fixed number of nodes that integrates algebraic polynomials of degree as high as 
possible, or equivalently, given a fixed degree 2n-  1, to find a cubature with minimal number N*(n) 
of nodes that integrates exactly all polynomials from rc2,_1(~2). Such a formula is called minimal 
M611er [1] has shown that for centrally symmetric weight functions N*(n)>~ ½(n(n + 1) )+ [½n]. 
Recently, Xu [4] derived in explicit form certain minimal and near minimal formulae for the prod- 
uct Tchebycheff weight Wo<Z)(x, y):= 1/(v/1 -x  2) 1/(v/1 - y2). The aim of this note is to demon- 
strate a simple approach that yields as an immediate application the formulae obtained in [4, 2] 
in a quite different way. We use these minimal (or near minimal) formulae to derive the d- 
dimensional cubatures, listed in Theorem 2.3, that are exact for all polynomials of degree 2n-  1 
in d variables. Also, following a simple technique as in the univariate case, we get a Lagrange 
interpolation formula for any P(x,y)EIZ2n_l([~2). Xu obtained this formula in [4], using different 
tools. 
2. Results 
Let us first introduce some notations. 
Consider any fixed quadrature formula on [-1,  1], namely, 
I'(f):= w(t)f(t)dt~ -'~ajf(xj)=:L(f) (2.1) 
1 j= l  
with nodes Xl < .-. <xs in [ -1,  1]. Set 
O( f )  := ~ ajf(xj), E( f )  := ~ ajf(xj), 
o ¢ 
where the subscript "o" (respectively, "e") indicates that the summation is expanded over the odd 
(even) indeces. Clearly, L( f )=E( f )+ O(f). Sometimes we shall write Ex(f) to denote that the 
operator E is applied to the function f(x, y) with respect o the variable marked. 
Let {Pk} be the sequence of univariate orthogonal polynomials, associated with the weight w(x) 
on [ -1,  1]. Finally, we set 
A(f)  :=  (OxOy -~- ExEy)(f), B(f)  :=  (OxEy + ExOy)(f). 
Theorem 2.1. Assume that the quadrature formula (2.1) is exact for all polynomials of degree 
2n-  1 and satisfies the conditions 
~-~ aj = ~-~ ay, (2.2) 
o e 
E(Pk)=0 or O(Pk) = 0 for k= 1 .... ,n - 1. (2.3) 
Then the cubatures 
I ( f )~2A( f )  
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and 
I ( f )  ~ 2B( f )  
are exact for every fET~Zn_l(~2). 
Next, we apply this rather elementary result based on rule (2.1) to get the cubatures, established 
by Xu [4] and Morrow and Patterson [2]. Let Wo(X) := 1/(v/1 - x2). Then the following statements 
hold. 
Corollary 2.2. For each natural number n the cubature formulae 
fj([_l,1]2 Wo(X)wo(y) f (x ,y)dxdy~ 2B( f )  
and 
(2.4) 
/ f[-1,112 Wo(X)wo(y)f(x, y) dx dy ,~ 2A( f  ) (2.5) 
are exact for all polynomials f E n2n-1(~2). Moreover, (2.4) is minimal for even n and near minimal 
for odd n (2.5) is near minimal for all n. 
Cubature formulae over the cube B a := [-1,  1] a in R a, d >2 can be obtained by a repeat application 
of Theorem 2.1. We concentrate here only on the formulae, corresponding to the product Tchebycheff 
weight 
w0(d)(xl,... ,Xd ) := W0(X 1)''" Wo(Xd ). 
Denote Xd := X := (XI,... ,:Ca). We shall use the summation operators L i ( f )  (or Ao( f ) ) ,  defined 
obviously as L (or A) acting on the function f (x~,. . .  ,Xd), considered as a function of xi (or xi and 
xj, respectively). Then the following theorem is true. 
Theorem 2.3. The cubature formulae 
sa W°(a)(x)f (x) dx ~ 2VA12 A34... Aa-l ,a(f)  
and 
or 
for d = 2v 
fB d 
Wo(a)(x)f(x)dx,-~2~A12A34 " " "Ad-2,d-lL(f) for d =2v + 1, 
WoCa~( x ) f ( x ) dx ~ 2~A12 ...  A2s-l,zs L2s+l Azs+ 2,2s+3 " " Aa-l,a( f ) for d = 2v + 1 
are exact for all polynomials of  deoree 2n-  1 in d variables. 
Note that the first formula uses (2m z + 2m) v nodes for n = 2m and (2m2) v nodes for n = 2m - 1. 
The number of the nodes for the second and the third one are (2m + 1)(2m 2+ 2m) ~, when n = 2m 
and 2m(2m2) ~, when n=2m-  1. (L ( f )  uses n + 1 nodes.) 
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Once we derive cubature formulae of high degree of precision, we can get explicit expressions for 
the fundamental polynomials for the Lagrange-type interpolation. It turns out that a simple approach 
can be applied to the case of cubatures, associated with the product Tchebycheff weight and we 
obtain the next interpolation formulae. 
Theorem 2.4. Every P(x, y) E z+~( R2) can be written as 
when n = 2m and 
P(x 2 y) = &r/b”‘, @)K (7p’ 9’“’ 2n2 n 
0 ) 0 ,x, y) + fQp, r~))&(@~ ylJln)J> Y)) 
,x,y)+P(r~‘,,r~‘)K,(rl~‘,,vl~),x,y)) 
when n=2m - 1. 
Here 
j = 0,. . . , n, 
and 
uxl,YlJ,Y)=a(4 + 401,02 + 472)+at& + (PI,02 - (P2) 
+a(& - cp1,02 +(P2)+a(h - (Pl,O2 - (P2), 
~~l,Y1~:=~~~~~~,~~~~2~, 
(4 Y > := (cos ($3, cm 92 >, 
1 cos(n - 1/2)e1 cos(e,/2) - cos(n - 1/2)Q2 c0s(e2/2) 
Q(R, 02) = 5 
cam 8, - cos e2 
(2.7) 
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We could give also the multivariate interpolation formulae corresponding to the obtained before 
multivariate cubatures. 
3. Proof of the results 
Proof of Theorem 2.1. A repeat application of (2.1) with respect consecutively to x and y yields 
the cubature formula 
I(f) ,~ ZxZy(f)--(Ex q-Ox)(Ey q- Oy)(f)--A(f) + B(f) 
with an algebraic degree of precision 2n-  1 (i.e. it is exact for all fErc2,_l(R2)). Clearly, our 
theorem will be proved if we show that 
A(f)=B(f) for all fErc2n_l(~2). (3.1) 
Since the polynomials 2,-1 t {Pl-k(x)Pk(Y)}l=O,k=O constitute an orthogonal basis in rC2n_a(~ 2 ) on [-1,  1] 2, 
it is sufficient o verify the equality (3.1) only for Pt-k(x)Pk(y), l = 0,..., 2n--1, k = 0,..., l. We may 
assume without loss of generality that Po(x)= 1. Consider separately the following three situations: 
(i) Let f = 1. Then 
~-(~o a)) (~o aJ) q- (~e aj) (~e aj)=2(~o aJ) 2' 
where we have used (2.2) in the last equality. Similarly, one obtains 
-:-2(~o aJ) (~aj)=2(~o aJ)2=A(f) 
and (3.1) holds in this case. 
(ii) Let f(x, y) :-- Pk(Y) and k > 0. Then 
A(f) = OxOy(Pk) +ExEy(Pk) 
-~(~o a))Oy(P~:)-q- (~e aj)Ey(Pk)----(~o aj) L(Pk) ,
where we have used (2.2) only. In exactly the same way we find an expression for B(f) which 
coincides with that for A(f). 
The case f(x, y)=Pk(x) and k >0 goes similarly. 
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(iii) Let f (x ,y)=Pt-k(x)Pk(y)  with O<k<l<<.2n- 1. Then 
A( f ) = Ox(Pl_k )Oy(Pk ) -~- Ex(Pl_k )Ey(Pk ), 
B( f ) = Ox(Pl-k )Ey(Pk ) + Ex(Pt-k )Oy(Pk ). 
Since I ' (Pk)= 0 for k>0 (because of  the orthogonality), we have 
0 = I'(Pk) = L(Pk) = E(Pk) + O(Pk) for k = 1,. . . ,  2n - 1, 
which in view of  (2.3) implies 
O(Pk) = - E(Pk) = 0 for k = 1 . . . .  , n - 1, 
and then, clearly, A( f )=B( f )=O for k ~< n - 1. 
I f  k>n-  1, then 0</ -  k<~n-  1 and hence, O(Pt_k)= -E (P t_k )=O,  which also yields 
A( f )=B( f )=O.  The proof is complete. [] 
Proof  of  Corol lary 2.2. Consider the Gauss-Lobatto quadrature formula 
s_l JK g(t]~ n) ) Wo(x)g(x)dx,~, -7: g(q(o" ~ g(rl~ ")) + • 
1 n j=l  
Recall that r/~" ) := cosjn/n, j = 0,. . . ,  n are the extremal points of  the Tchebycheff polynomial of  
first kind T,(x), namely, 
T , (x)= cos(narccosx),  xE[ -1 ,  1]. 
We need only to check the conditions in Theorem 2.1. Clearly, (2.2) holds for every n. Let us prove 
(2.3). 
Assume n = 2m. Note that 
y/(2m) (2j  - 1)~ ?(m) 
2 j - l=C°S  2m -- ',j ' j= l  . . . .  ,m, 
where ¢~m) are the zeros of  T,,(x). Since the classical Mehler-Hermite quadrature formula 
m f l_ 1 41f(X)--X 2 dx "~-~ ~ f( :~'))-m .=
is exact for fEl~2rn_l, we have (because of the orthogonality) 
0 = Tk(~).(m)), k= 1 , . . . ,n  - 1. 
j= l  
Therefore, 
O(Tk) = ,1- ,_(,) ")) = 0, 1 . . . .  , -- 1. 
j=l  j=l  
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This, combined with the fact that L(Tk)=0,  k- -  1 , . . . ,2n - 1, gives 
E(Tk)=0,  k=l  . . . .  ,n -  1. 
Assume now that n = 2m-  1. Then 
__ ,7, ,, (2m- - l )x  ~ 2k~z E(Tk) = rc + lk~,tl2 j ) = -- + cos j~- -~ = 0. 
n j=l n j=l 
The corresponding formula (2.4) is minimal when n = 2m and near minimal when n = 2m-  1 as 
follows from M611er's estimate (N*(2m) ~> 2m 2 +2m and N*(2m-  1 ) i> 2m = - 1 ). (2.5) is near minimal 
in all cases, since it uses 2m = + 2m + 1 nodes when n = 2m and 2mE nodes when n = 2m - 1. [] 
Proof  of Theorem 2.3. Let d = 2v. The cubature formula 
~ Wo(d)(x)f(x) dx ~ L, . . .  Ld(f) (3.2) 
is exact for all polynomials of  degree 2n - 1 in d variables. But (3.2) can be rewritten as 
f~ Wo(e)(x)f(x) dx 
: f. f f Wo(X)wo(y)f(xd-z,x,y)dxdydxd-2 
d--2 [_1,112 
L1" " " Ln-z [LxLyf(Xd-2, x, y)], 
and by the Corollary 2.2 
f Wo(d)(x)f(x) dx ,~ 2VA12 A34""" Ad-l,d(f). 
Similarly when d - -2v  + 1 we get 
sa w°(d)(x)f(x) dx ,-~ 2VA12 A34""" Ad-2,d-lL(f), 
or, more generally, 
fo WoCd)(x)f(x) dx ~ 2~A12 ".. A2s-l,2s L2,+l A2s+2,2~+3""" Ad-1,d(f). 
d 
The proof is completed. [] 
Proof  of Theorem 2.4. We are going to apply an analogue of the following fact, concerning 
univariate polynomials. 
Assume that {pk}k~=0, Pk = ~kXk+ "" ", is a normalized orthogonal system of polynomials on [a,b] 
with respect o the weight #(x). Let 
p(t)f(t)dt ~ ~-~ ajf(xy) 
j= l  
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be the quadrature formula of algebraic degree of precision 2n-  1. Then for every fE/'Cn_l(• ) we 
have 
n i/; ] f (x )= E #(t)f(t)pk(t)dt pk(x) 
k=0 2n 
= ~ ajf(xj)pk(xj)pk(x) 
k=0 j= l  
n -1  
= s(x , ) , ,  E 
j= l  k=0 
Since the dimension of ZEn-l(N) equals n and every f E ~,_I(R) was presented as a linear combination 
of the polynomials 
n--1 
l,j(x):=aj y~pk(xj)pk(x), j=  1,...,n, 
k=0 
we conclude that {/nj}]=l are the fundamental polynomials for the Lagrange interpolation with nodes 
Xl,...,x,. Note that by the Christoffel-Darboux formula one can get 
0~.-- 1 pn(X)  
l,j(x) = a jp ,_ l (x j ) - -  
~n (X-- Xj) 
which leads to the usual presentation 
p,(x) 
lnj(x) = (x -- xj)p'(xj) 
of l,j. We can apply the above-mentioned r asoning to get explicit expressions for the fundamental 
polynomials for the Lagrange-type interpolation. In addition, if we have a certain analogue of the 
Christoffel-Darboux formula, we may hope to get a compact form of these expressions. Next, we 
sketch the calculations and present he final results in this particular case. 
Every P(x, y) E rc,_l(N 2) can be written as 
n--1 l 
P(x, y) = ~ ~ atk(P)Tl-k(x)Tk(y), 
/=0 k=O 
where 
l / f _  Wo(Z)(t,s)P(t,s)Tt_k(t)Tk(s)dtds 
alk(P) = ?t~ 1,1l z 
(3.3) 
and 
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Denote 
n--1 l 
Kn(Xl, yl,x, y):= ~2 ~ ~ L TI_k(X1 )Tk(Yl )Tl-k(X)Tk(y). 
/=0 k=0 "~lk 
This is the Christoffel-Darboux sum, corresponding to our case. Note that Xu found in [3] the explicit 
expression (2.7) for this sum, which provides actually an extension of the classical Christoffel- 
Darboux formula. 
Next, we apply the already found cubatures (for even and odd n) to compute the Fourier- 
Tchebycheff coefficients ark(P) of P. Therefore, if we return back in (3.3), change the summation 
and use the form of K,, we obtain the interpolation formulae (2.6). This way, using different ools 
we get in a simpler way the results from [4]. [] 
4. Concluding remarks 
(1) The cubature (2.4) for n =2m is established by Morrow and Patterson [2] and Xu [4]. For the 
first time the explicit form of (2.5) in the case n =2m-  1 is given by Xu in [4]. The two other 
formulae ((2.4) for n----2m - 1 and (2.5) for n=2m)  have not been mentioned in [4]. 
(2) In each of the formulae, derived in Theorem 2.3 we can use  Bpq instead of Apq to derive new 
examples of cubatures. 
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